It is previously found that the two-dimensional (2D) electron-pair in a homogeneous magnetic field has a set of exact solutions for a denumerably infinite set of magnetic fields. Here we demonstrate that as a function of magnetic field a band-like structure of energy associated with the exact pair states exists. A direct and simple connection between the pair states and the quantum Hall effect is revealed by the band-like structure of the hydrogen "pseudo-atom". From such a connection one can predict the sites and widths of the integral and fractional quantum Hall plateaus for an electron gas in a GaAs-Al Ga 1− As heterojunction. The results are in good agreement with the existing experimental data. 
Introduction
The integral and fractional quantum Hall effect (QHE) appeared in a single experiment [1] [2] [3] as a single phenomenon. However, in the previous works the single phenomenon was explained by using several different theories. The integral QHE was explained as a property of uncorrelated electrons by adopting a single-electron model in the presence of a magnetic field. Differing from this, the fractional QHE was regarded as a manifestation of a quantum fluid consisting of strongly correlated electrons interacting with a strong magnetic field. Even some of the fractional quantum Hall plateaus were resided in * E-mail: whhai2005@yahoo.com.cn the integral QHE of composite particles and the others were associated with the fractional QHE of the composite particles [3, 21, 22] . Particularly, some of the theories can predict the sites of the Hall plateaus only, but cannot calculate the widths of the plateaus.
All of the experiments and theories are based on the same fundamental system: a two-dimensional (2D) electronic gas in a homogeneous magnetic field. An important experimental fact is that the quantum Hall plateaus are associated with the minima of the diagonal-resistance and the lowest minima vanish approximately, which correspond to a discrete set of magnetic fields [1] [2] [3] 21] . Seeking a single theory to comprehensively describe the integral and fractional QHEs is an interesting work. However, this is hard when the higher minima are taken into account.
It should be noticed that a single 2D electron in a homogeneous magnetic field can be described by the Schrödinger
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A direct connection between quantum Hall plateaus and exact pair states in a 2D electron gas equation of a 2D harmonic oscillator [ When two electrons are considered, a repulsive electron-electron interaction potential of the form 2 /(2 ′ ) 3/2 is added into the equivalent hydrogen equation. The equivalent hydrogen atom's model is valid only for the 2D case. It is important to note that such a dimensionality exists in the quantum Hall systems. We also notice that a 2D electron-pair in a homogeneous magnetic field has a set of exact solutions for a denumerably infinite set of magnetic field [26] [27] [28] [29] [30] [31] , which represents stable stationary states of the system. On the other hand, the relations between Hall effects and analytical solutions of some quantum systems have been investigated recently [32, 33] . It is well known that extension from the exact solutions of a hydrogen atom to the shell structures of multi-electron atoms is natural, since the exact solutions indicate the stable stationary states to be occupied by the multiple electrons. The relation between the exact solutions of a hydrogen atom and the atomic shell structures hints us a connection between the exact solutions of the 2D electron-pair and the quantum Hall structures.
Differing from the single-electron model [5] , for a 2D magnetically trapped electron-pair both the Coulomb and harmonic potentials work simultaneously and the exact solutions of the system depend on some particular values of the harmonic oscillator frequency determined by the magnetic field intensity [26] [27] [28] [29] [30] [31] . In this paper we apply the exact results to a 2D magnetically trapped electronic gas and seek its level structure that consists of the degenerate lowest Landau level of center-of-mass motion and the non-degenerate energy band-likes of relative motion based on the electron-pairs. Any discrete exact level indicates the center site of the corresponding energy bandlike and therefore means higher stability of the electronpairs in the exact states. Unlike the famous theory based on many-body wave functions [8, 9] , our method demonstrates a direct and simple connection between the pair states and the integral and fractional QHEs comprehensively, through the band-like structure of the hydrogen "pseudo-atom". The results suggest an alternative method which enables us to predict the sites of the Hall plateaus and to estimate the plateau widths directly in a good agreement with the known experimental data.
Exact pair states and approximate band-like structure
Quantum motion of a 2D electron-pair in a homogeneous magnetic field toward direction is dominated by the stationary-state Schrödinger equation [26-28, 30, 34] ,
where E T is the total energy, and − are the effective mass and charge [5, 34] [21, 34] . We set
, where E ( ) and E denote the center-of-mass and relative energies, ψ ( ) and ψ are the center-of-mass and relative wave-functions, and R and r are the center-of-mass and relative coordinate vectors, r = r 2 −r 1 = ( 2 − 1 )e +( 2 − 1 )e = e + e R = (r 1 +r 2 )/2 = ( 2 + 1 )e /2+( 2 + 1 )e /2 = X e +Y e with e and e being the unit vectors in and directions. In the new coordinate systems, Eq. (1) is separated to the center-of-mass and relative motion equations
where µ = /2 is the reduced mass, M = 2 denotes the total mass, L = X P − Y P and = − are the -component angular momenta on the center-of-mass and relative coordinate frames respectively. Noticing the Pauli's exclusion principle and the condensed states of the electron gas observed in the quantum Hall effect, we use the simplification in which the two paired electrons are in the opposite spin orientations with zero total spin and the spin triplet states with nonzero total spin are not considered. Such a simplification helps us to treat the many-electron system in a high magnetic field as a many-boson system with the electron pairs occupying the lowest-energy states, which has been adopted in the more elaborate many-electron theory [8, 9] . Moreover, in the considered strong-field case, the spin-orbit couple could be negligible [35] , so no spin term appears in Eqs. (1) and (2).
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It was early found that the electron of two-body (atom) hydrogen experiences an attractive Coulomb force and its quantum-mechanical exact solutions are associated with the shell structures of multi-electron atoms [35] . Similarly, for a sufficiently strong magnetic field B and relatively large distance any electron governed by the second of Eq. (2) experiences an attractive combined force of the attractive harmonic force and repulsive Coulomb force. Under the parabolic coordinate ′ = ( 2 − 2 )/2 ′ = , the second of Eq. (2) becomes an equivalent hydrogen atom's model with electron-electron interaction 2 (2 ′ ) 3/2 , so the corresponding energy-shell structure is expectable. Therefore, we can regard the 2D magnetically trapped electron gas as a multi-electron "pseudo-atom", and establish a similar connection between the exact solutions of the electron-pair and the quantum Hall structure of the multiple electrons, in which the discrete magnetic field fitting the exact solutions correspond to the center sites of the Hall plateaus. Physically, such a "pseudo-atom" has higher stability when more electron-pairs occupy the lowest levels determined by Eq. (2). The center-of-mass motion obeys the same equation as a single charged particle with mass M = 2 and charge = −2 in a homogeneous magnetic field, which has the well-known solution [30, 35, 36] 
for the center-of-mass energies (Landau levels)
2 ) denotes the confluent hypergeometric function and φ is the center-of-mass angular coordinate. The radial coordinate R has been normalized by the magnetic length = ¯ /(Mω). Obviously, ψ We are interested in the exact solutions of the relative motion equation and the corresponding properties of the particle-pairs, including the application to the integral and fractional QHE. Adopting the relative angular coordinate φ and normalized polar coordinate ρ = / with = 2¯ /( ω) = 2 , the exact relative wave function can be written in the form [26] [27] [28] 30] 
with the normalization constant A and undetermined function (ρ). Applying Eq. (5) to Eq. (2) we arrive at the 1D dimensionless equation
Here E ′ is equal to E − ¯ ω and the dimensionless constant σ 2 expresses the importance of the Coulomb potential 2 /( 0 ) compared to the harmonic level¯ ω, where
is the effective Bohr radius. According to the form of the equation for we expect the powerseries solution [30] = =0 C ρ for = 1 2 · · · and C = constant. Inserting the series into Eq. (6) yields the algebraic equation
This equation can be satisfied if and only if the constants C σ and E obey the algebraic equations of three-term recurrence [30] 
. By using a computer we have solved the algebraic equations from Eq.
Several simple solutions are listed as the following: 
The constant B 0 = 2 ω 0 / depends on the sample material and can be determined by experiments. The dependence of C and ρ ( ) on the quantum numbers | | leads to the relative wavefunction ψ = ψ ( ) of the equivalent 2D hydrogen atom. Given Eqs. In the case of a stationary harmonic oscillator we have known that the wavefunctions must be in the series form of Hermitian polynomial and there exist a denumerably infinite set {ψ E } of wavefunctions and eigenenergies for a fixed frequency value. However, based on the relative equation of Eq. (2) we analytically and numerically find that for any fixed frequency ω ∈ {ω 
, we have the mean radius 9), which corresponds to the upper critical magnetic field and lower critical magnetic length across which the finite series solution ψ ( ) is no longer valid. For a pure electron-pair Eqs. (9) and (10) give the largest magnetic intensity B
2 3 /¯ 3 ≈ 4 7 × 10 5 T with being the rest mass of a free electron, which cannot be experimentally realized yet. Noticing the experimentally allowable magnetic intensity B < 10 2 T, the truncation condition (10) requires the parameter (σ ( ) ) 2 being greater than 10 3 which is related to very large quantum numbers and . However, if one adopts the modulation-doped GaAs-Al Ga 1− As heterojunction and let the 2D electrons exist in GaAs at the interface between GaAs and Al Ga 1− As [5, 8, 9, 34] , the corresponding effective mass and dielectric constant become [34] = 0 067 ≈ 13 such that Eq. (10)
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gives the largest magnetic field value B
1 0 ≈ 12 4842 T, such a magnetic field is experimentally realizable. The largest magnetic field value B (1) 1 0 determines the lowest critical magnetic length (1) 1|0| . By improving the quality of the GaAs-Al Ga 1− As interface, the effective mass and dielectric constant can be adjusted in the wide regions (in general, ≥ 0 065 and ≥ 1) in a practical experiment [37, 38] , therefore, we can obtain the upper critical magnetic field in a large region. For instance, in Fig. 1 of reference [1] the largest magnetic field of a Hall plateau is B 
Hence the second and third terms of the relative motion equation in Eq. (2) can be expand as 
and obtain the corrections to the state ψ ( ) and energy E ( ) from the normal quantum perturbation theory [35] .
For instance, from Eqs. (8), (9) and (10) We assume that the denumerably infinite set {B ( ) | | } corresponds to center positions of infinite Hall plateaus which contains many unmeasurable narrow plateaus [5] , as indicated in the schematic diagram of Fig. 1a . Given ψ (13) with |δω
1 −1 = 0 005ω 0 . From Eqs. (5) and (9) we obtain ψ
The application of this function to Eq. (13) results in |δE
The corresponding total energy becomes E = E (1)
> 0, and ψ (1) = ψ (1) , we can obtain the eigenenergies 
as shown in Fig. 1b . Clearly, as a function of magnetic field Fig. 1b displays a band-like structure of energy. Therefore, the discrete levels {E 
Quantum Hall plateaus and their widths
We now try to apply the above-mentioned results to a 2D electronic gas by using the electron-pair picture compared to the one-electron picture [5] . In last section, we have assumed that the quantized magnetic field values {B ( ) | | } correspond to the center sites of the quantum Hall plateaus and energy band-likes. Therefore, we expect that the minima of the diagonal-resistivity appear at these sites. This expectation can be proved by the experimental data [1] [2] [3] 5] on the integral and fractional QHEs as follows. In order to compare the theoretical results with the experimental data, we rewrite the truncation condition as
where ν ( ) | | is defined as the theoretical filling factor by comparison with the experimental one ν in references [1] [2] [3] 5] , parameter is related to the sample properties and electronic densities, and can be determined by a single set of experimental data. For example, if we take = 0 067 ≈ 13, then Eq. (10) gives B 0 ≈ 25 T. The recent experimental value of magnetic field at ν = 1/3 is B| ν=1/3 ≈ 12 5 T for the sample of modulation-doped GaAs/AlGaAs quantum well [3] . Thus Eq. (14) implies = B 0 /(νB)| ν=1/3 = 6. However, it was observed that for different samples the B| ν=1/3 has different values [2] . In Tsui's experiment [1] , this value reads B| ν=1/3 ≈ 15 T which is the largest magnetic field value corresponding to a Hall plateau. Therefore, there some different parameter sets such as = 0 067 ≈ 11 9 and ≈ 13 = 0 073 to fit the parameters B 2 /6 with the experimental one ν, good agreement is found in the experimental accuracy, as in Table 1 . It is worth noting that the largest magnetic field B (1) 1 0 of a Hall plateau has been scaled to fit the filling factor ν (1) 1 0 = 1/3 here, which is a good approximation to the case of reference [1] . Experimentally, for a lower temperature the largest magnetic field corresponds to a smaller filling factor [2, 3] , and the current experiments cannot determine its limit at zero temperature. In addition, differing from the previous theoretical results, ν
2 /6 determined by Eq. (9) may be some irrational numbers for ≥ 3. On the other hand, we can rewrite the relative energy of Eq. (10) as
For a fixed magnetic field, the energies of the diamagnetic states with < 0 are lower than that of the paramagnetic states with > 0. In units of¯ ω 0 the energy values of the diamagnetic states are given in the final line of Table 1 . In Table 1 we show the complete agreement between the experimental ν and theoretical ν 
Conclusions and discussions
In conclusion, we have investigated the QHEs of a 2D electronic gas in a homogeneous magnetic field, based on the exact solutions of a magnetically trapped electronpair which can be equivalent to a 2D hydrogen "pseudoatom". The combined potential of the magnetic field and Coulomb field governs quantum motion of the electronpair and results in the stable band-like structure consisting of the degenerate Landau levels of center-of-mass motion and the non-degenerate energy band-likes of relative motion. Some interesting and important physical properties are shown by using the exact and perturbed solutions and the band-like structure. Applying the results to explain the integral and fractional QHEs of a 2D electronic gas, we obtain the sites and strengths of the minimal diagonal-resistances, which are associated with the positions and widths of quantum Hall plateaus. The results are in good agreements with the well-known experimental data. Differing from the previous famous theory based on many-body wave functions [8, 9] , our method based on the electron-pair states demonstrates a direct and simple connection between the band-like structure and the quantum Hall plateaus.
It is well known that the transport process of electrons is related to the diagonal-resistance ρ , or equivalently, the direct conductivity σ . At a wider Hall plateau the diagonal-resistance and direct conductivity vanish if there is no scattering process irrespective of the intensity of the field. The scattering process, e.g. by the impurities in a sample and between electrons, can lead to the nonzero diagonal-resistance. In our electron-pair picture, we have not taken into account of the effects such as the electron-scattering, impurities, finite-temperature, disorder, edge effects, electronic spins and the consequent spin Zeeman splitting. These effects may lead to more fine band-like structure to fit experimentally narrow plateaus better. Some of these effects can be treated as an effective correction to the exact electron-pair picture. Thus the exact pair states could play a similar role with the exact solutions of a hydrogen atom in the atomic shell structure theory. Although the electron-pair picture cannot quantitatively explain the fine quantum Hall structures, it is very important for understanding the integral and fractional QHEs comprehensively.
